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Probability Axioms

Relative Frequency

Perform a random experiment n times. Let x be the number of times
that the event A occurs. The ratio x/n is the relative frequency of
the event A in the n experiment.

Estimate the probability that a coin comes up “heads" on a single toss
of a fair coin. \

GuanNan Wang | MATH451/551



Limiting Relative Frequency

Limiting Relative Frequency

The limiting relative frequency of the event A

P(A) = lim ~

n—oo N
IS called the

» probability that the outcome of the random experiment is in A, or
» probability of event A,
If the limit exists.
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Classical Approach

If the sample space S consists of egually-likely outcomes, then the
probability oof event A is the ratio of the number of elements in A to
the number of elements in S: 2 hemenns

Toss a fair coein three times and observed sequence of heads and
tails. Find the probability that all three outcomes are heads. \
$= [HHH, HAT, HTH , HTT ;} 0 ,.nu.l
Tad, THT, TTH , TTT (‘ \S‘j i‘ H‘H}
D(ﬁb\z ot t‘\=fwu three swdoowmes ond
PAy = - - ——

N (S) 3
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Kolmogorov Axioms

Kolmogorov Axioms

Consider a random experiment with sample space S and an event
A C S of interest. If P(A) is defined and

» Axiom 1. P(A) > 0, gl(ﬁ)):g :f s cortaindy .

» Axiom 2. P(A{UA U ---) = (A1)—|—P(A2)—|— where
d T

Ai, Ao, ... are disjoint events, and
» Axiom 3. P(§) =1,

then P(A) is the probability of event A occurring.

'S eroxibl-‘l--

Complementary Probability

Foreach AcC S P(A) =1 — P(A°). /
AVAC=S  P(AYA%)= P(A+P(AD m

ANAC=D _psy-4 = PA+PCAS) =)
P(S) P > P(A)= 1-P(A°)
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Theorems

Theorem 2.2
If Ay, A> C S such that Ay C A then P(A1C M Ag) — P(Ag) — P(A1),

and therefore P(A1) < P(Az). Yy S
Wm“m,—j,‘"
Ax g Al U @

\

\—.

4>=_§g\ﬂ ( — -

e

O Piy =P (AU (ANAD) - PUI*P (A NAY)

= P(A°NA) = P(A)-PcA)
& A ‘P(A‘)’P(A\cﬂAx) 20

= P < PAY)
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Theorems

Theorem 2.3
P(®) = 0.

Wt A-p thn A" =S
PdrPA) = 1-P(AC) =1 'Bif): 6
1

Theorem 2.4
Forevery AC S,0 < P(A) <1.
P(d) < PeA) < P(S) -
0o < P(A) <)
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Theorems

Theorem 2.5

(Addition Rule) If Ay, Ao C S then
P(A1 U Ag) — P(A1) + P(Ag) — P(A1 M Ag)

A UA = A U(ANA) n Y
s =AY (A7 ) %
P‘AtUA» P(A) + P(AS A NA) |

Pé)A ) = P(ANN) + PLAC NAY)

®

Pcavu A - P(A) = PLA) - PCAnAY)
ive AD A
P(AUMA = P(AN+PAY - AN A
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P‘ A UA: UAa)

=P(A) + P(A,) + P(As)

 P(ADA)=2(AA) - PANA)
A% P NANAA NA =5

A: = AlcﬂAz (Aanl) UA:* =/Qz
A5 = (AUA) 0 A = ASNASNAS

P(A) =PianA) v (AS0ADS

PAUVAUA) < PATMATUAT) < PAY) «P(AT) AN
- P(AD +P (A)-P(AINA) P(As ) -PCAIN A OAS) - P{A,{M:
3 PCAS NALOAL

=P (AUF P (Au)= F(A«(\Az)“'\"(As) —PrAonA)
l{'PCA AR -PLANA, mv,)‘j - " PCAL(\A")\—P(AIMW




Theorems ﬁ
0 ® <

If events A1, Ao, ..., A, are disjoint andd their union is the sample

space S, then they form a[partiion) of S.

A,’ﬂAj:q)fOI’l'#j and S:U,n:1A,'

Theorem 2.6
For events Ay, Ao, ... A, that forr,q a partition of S and another event
5CS, P(B) = P(BNA).
=1
Ai f\A, = GP ’ ;*j J ;’j"'71514 1Aw ANE Ay S

;.Du Ai =3 /&/\B\W‘B

p(8)= P(14.1B) U(A¥1B) U (ANB) U \\(:?/
(A“nm) :é P(AQHB) \ Alg | AnB
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Example 2 % %

Considder the events Ay and A, with associated prob%bilities i
P(A;) =0.3, P(A2) = 0.5, and P(A1 UA>) = 0.6. Find"P(A; N Az) and
P(A1 A Ag)

P(Ai UA:) = P(A) + P(A) - P (A nAL)
0.6 = 0.3 %05 — PCAOA) 2PANA) -2

(ANA.) N (A NAS) =P
(ANAY Y (ANAS) = A

P(A)= P( AiNAy) * P(AI(IA})
oF = o2 1 P(AAAL) S Franas) =0
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Example 3

Roll a pair of fair dice. Find P(Aq1), P(A2), ..., P(As) for the events
Aq¢:  rolling a total of 7
As:  rolling a total of 12
Asz:  rolling doubles
A4.  rolling 5, either individually or as a total
As:.  rolling numbers that differ by 3

A‘ = ik(/‘)}(6,l),(2) 5)'(5/2)"3)‘)"413)
- NA) _ 6 _

P(A) = NG "3 T

Az f(616)} 2 P(A:)= 56

= {mpa2) (a,z),mm (515),(6,6)]

P(Aa) 1{%

A4 = f(\ﬁ).ll,S),w,S) (4,51 (515,br5), . |
(551, (9,2, (513), (514):(9:( F(A»)-—-'é—
(1A, c4:l)(1;5):(’9;”3
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Thank You

THANK YOU!
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