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Abstract

Let V be an n-dimensional inner product space over C, let H be a subgroup of
the symmetric group on {1,...,m}, and let x : H — C be an irreducible character.
Denote by V™ (H) the symmetry class of tensors over V' associated with H and x. Let

K(T) € End (V" (H)) be the operator induced by T' € End (V), and let Dg (') be the

derivation operator of T. The decomposable numerical range W*(Dg (T')) of Dk (T) is
a subset of the classical numerical range W(Dg (T)) of Dk (T). It is shown that there
is a closed star-shaped subset S of complex numbers such that

S CWH(Dg(T)) € W(Dk(T)) = conv S,

where conv S denotes the convex hull of S. In many cases, the set S is convex, and thus
the set inclusions are actually equalities. Some consequences of the results and related
topics are discussed.
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1 Introduction

Let V be an n-dimensional inner product space over C. Let .S, be the symmetric group
of degree m on the set {1,...,m}. Each o € S,, gives rise to a linear operator P(c) on
XMV

P(O’)(Ul RV X - ®’Um) = Up-1(1) ®Uo.—1(2) &R --- ®va—1(m)a Vl1yeoyUm € V.

Let H be a subgroup of S,, and let x : H — C be an irreducible character of H. The
symmetrizer

Sy == TS‘) Z x(0)P(o) € End (™V)
ceH

is an orthoprojector with respect to the inner product on ®”*V induced by the inner product

on V via
m

(U1 ® -+ @ U, V1 @ -+ @ V) 1= H(uz‘vvi),
i=1

and the range of S,
VI'(H) == 5,(@™V)

is called the symmetry class of tensors over V associated with H and y. The elements in
Vi (H) of the form S, (v1 ® - - ® vp,) are called decomposable symmetrized tensors and are
denoted by vy * - - - % Upy,.

Let T' € End (V). There is a unique induced operator K(T') acting on V" (H) satisfying

K(T)vy ... %0y =Tvy % % Top,.
Furthermore, one can define the derivation operator Dg (T') of T by

d
Dk (T) = aK(I—F tT) o’

which acts on V"(H) in the following way:
m
DK(T)?}l*...*Um :Zvl*"'*vj—l*T'Uj*vj—l-l*"'*vm-
j=1

Clearly T'+— D (T) is linear. (See [19, 20] for general background on K(7') and Dg(T).)
Define the numerical range and the decomposable numerical range of a linear operator
L acting on V{"(H) by

W(L) ={(Lz,z) : 2 € V;"(H), (z,z) =1},
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and
W*(L) = {(Lz,x) : x € V;"(H) is decomposable, (x,z) =1},

respectively. The numerical range and the decomposable numerical range are useful concepts
for studying linear operators and they also have applications to other areas such as quantum
physics (see [3, 4, 14, 15, 17, 22]). Clearly

W*(L) C W(L).

However, since a unit vector in Vy"(H) need not be decomposable [19, 20, 24, 29], one
cannot expect that the above set inclusion is equality in general. Nonetheless, in this paper
we show that there is a closed star-shaped subset S of C such that

S CW*(Dk(T)) CW(Dk(T)) = conv S.

We give several examples for which & is actually convex so that all of the above sets are
equal. For instance, this is the case when H = S, (see Theorem 4.2). In particular
S = convS when x is the alternating character of S, with m < n. In this case V;"(H)
is the mth exterior space A"V, which has the special feature that each unit decomposable
vector up * - -+ % U,y is equal to some vy * - - - % vy, with vq,..., v, orthonormal vectors in
V. Consequently, the decomposable numerical range W*(Dg (T')) of D (T) is equal to the
mth higher numerical range of T' [22]

Wi (T) = {Z(ij, vj) : {v1,...,Um} is an orthonormal set in V} ,
j=1

which is convex by a result of Berger [22].

We present some preliminaries in Section 2, and prove the set inclusion result in Section
3. In Section 4 we discuss the situation where H is the dihedral group, the alternating group,
or the full symmetric group (or, more generally, a Young subgroup). Some consequences
are deduced in Section 5 and related results are discussed in Section 6.

2 Preliminaries

In this section, we present some preliminary results for induced operators. (See [19, 20,
24, 29] for general background.)

Let I(H) be the set of irreducible characters of H < S,,. If x,& € I(H) and x # &,
then SyS¢ = 0. Moreover , crg) Sy Is the identity operator on ®™V. So we have the

orthogonal sum

QMY = ZXGI(H)V;L(H)'



Let Ty, ,, be the set of sequences a = («(1),...,a(m)) with 1 < «(j) < n for j =
1,...,m. Two sequences v and (3 in I'y, ,, are said to be equivalent modulo H, denoted by
a ~ 3, if there exists o € H such that § = ao, where ao := (a(o(1)),...,a(c(m))). This
equivalence relation partitions I'y, , into equivalence classes. Let A be a system of repre-
sentatives for the equivalence classes such that each sequence in A is first in its equivalence
class relative to the lexicographic order. Define A as the subset of A consisting of those
sequences a € A such that

> x(o) #0,
o€EH,
where H, := {0 € H : ac = «} is the stabilizer subgroup of «.

Let B = {e1,...,en} be a basis for V. Then {e3 :=eq1) @ -+ @ €qpm) : @ € Ty} is a

basis for V. Let

* x(e
€q =5 39:’7 Z Cao—1( ®"'®ea0*1(m)7
c€H

for each o € T'yy, p. Then {e}, : a € [y, } is a spanning set for the space V" (H ), but it may
not be linearly independent. Indeed some of these vectors may even be zero. It is known
that e}, # 0 if and only if the restriction of x to H, contains the principal character as an
irreducible constituent [24, page 163]. Let

Q:={aeclpyn:(x,1)n, #0}.
Note that A = AN and [24, (6.15), page 164]
(2.1) Q=Uyealao:0e€ H}.
The set {e}, : a € Q} consists of the nonzero elements of {e}, : a € 'y, }. Moreover

(2.2) VI'(H) = ®4¢40a;

where O, = (€}, : 0 € H) (called an orbital subspace). Freese’s theorem [24, page 165]
asserts that

(2.3) Sq (= dim O, = x(e) Z x(o) =x(e)(x,1)m,.

‘Ha’ JGH&

We now construct a basis for V"(H). For each a € A, we find a basis for the orbital

subspace Oq: choose a lexicographically ordered set {aq,...,as,} from {ao : 0 € H} such
that {e } is a basis for O,. Execute this procedure for each v € A. If {«, 3, -}

TR Oé

is the lexicographically ordered set A, take

A:{011,...,asa,ﬂl,...,ﬁsﬁ,...}



to be ordered as indicated. Then {ef : @ € A} is a basis for VI'(H) (but note that the

elements of A need not be lexicographically ordered). Clearly A C Aca. Although Ais
not unique, it does not depend on the basis B since A and A do not depend on B. Thus if

= {f1,..., fn} is another basis for V, then {f* : o € A} is still a basis for Vit (H).

The inner product of V' induces an inner product on Vy"(H):

(2.4) (u*,v*) = T;ﬂ Z t];[l Uty Vo (t))

oceH

Let B ={ei,...,e,} be an orthonormal basis for V. Then

0 if o ot B
<ez;,eg>={ .

\H| ZaeH X( ) if a =g,

and thus

lez | = ’%Z
€H,

Hence (2.2) becomes V;""(H) = ZaeA (e}, 0 € H), an orthogonal sum. However, those

er’sof {ef € A} belonging to the same orbital subspace need not be orthogonal.

It is known [29, page 103] and also follows from (2.3) that A = A if and only if x is
linear. In such cases, {ef, : @ € A} is an orthogonal basis for VM (H).
We give several common examples of symmetry classes of tensors and induced operators.

Example 2.1 Assume 1 < m < n, H = §5,,, and x is the alternating character, that is,
x(o) = sgn (o). Then Vi"(H) is the mth exterior space A™V/, A = A = Q. the set
of strictly increasing sequences in I'y, ,,, A = Gy, the set of nondecreasing sequences in
Lpn, and K(T') is the mth compound of T' € End (V'), usually denoted by Cy,(T'). O

Example 2.2 Assume H = S, and x = 1, the principal character. Then VXm(H ) is the

mth completely symmetric space over V=C" A=A =A = Gmn, and K(T) is the mth
induced power of 7' € End (V'), usually denoted by P, (T). O

Example 2.3 [14] Assume H = {e}, where e is the identity in S, (and x = 1, which is the
only irreducible character). Then V;"(H) = @™V, A = A=A=T,,,,and K(T) = @™T

is the mth tensor power of 7' € End (V). O

We now provide an example with nonlinear irreducible character.



Example 2.4 [14] Assume H = S3 and x = x3 (notation as in [13, page 157]), the only
nonlinear irreducible character. We have x(e) = 2, x((12)) = 0, x((123)) = —1. Assume
n:=dimV = 2. Then [24, page 164]

A ={(1,1,2),(1,2,2)}, A= {(1,1,2),(1,2,1),(1,2,2),(2,1,2)}.

Let B = {e1,e2} be a basis for V. Then B* = {ez‘l 1,2) €(1,21) €(1,2.2) €(2,1 2)} is a basis for
VI (H), and (see [29, pages 98-101])

* _ * * * _ * *
€211 = 7112 T €21 G221 T 7122 T 212

Let T € End (V) be defined by

a b
Tlg = .
T]s ( c d)
By direct computation,
a?d — abe 0 abd — b3c 0
0 a?d — abe  abd — b%c  b%*c — abd
K(M)lg =
[K(T)]s acd — bc? 0 ad? — bed 0
acd — b be? — acd 0 ad? — bed
and
2a +d 0 b 0
0 2a +d b -b
[Dr(T)]s- = . 0 a+2d 0
c —c 0 a+2d

Observe that B* is not an orthogonal basis even if B is an orthonormal basis, since

. 1
(6?1,1,2)7 e(1,2,1)) = (6?1,2,2)7 6?2,1,2)) = 3
O
Let m;(c) denote the number of occurrences of j = 1,...,n in the sequence o € Ty, .
The vector m(a) = (mj(«),...,my,(«)) is called the multiplicity vector of a.

Recall that Q := {a € I'yy, 5, : (X, 1)m, # 0}. Let m(Q) := {m(a) : « € 2} C N" be
the collection of multiplicity vectors of all @ € 2. A vector k € N™ is said to be admissible
if k € m(Q). We claim that m(Q) is invariant under the usual action of S,, on N™ given
by kT = (krq), s krn)) (K € N, 7€ 8p). Let a € Q and 7 € S,,. With the definition
Ta = (1(a(1)),...,7(a(m)), we clearly have H;o = H, so that 7Q2 = Q. One easily checks
that m(a)7 = m(7 'a). Thus, m(Q)7 = m(771Q) = m(1), as desired.



3 Set inclusion and convexity

Let T € End (V) have eigenvalues A\i(T),..., A\, (T) and let B = {vy,...,v,} be an
orthonormal basis of V. One calls B a Schur basis for T if the matrix representation A of
T with respect to B is upper triangular and diag A = (A (T), ..., A\ (7). According to the
Schur Triangularization Theorem, a Schur basis always exists no matter how the \;(T) are
preordered.

Assume that B is a Schur basis for 7. The matrix of Dg(T) relative to the basis

{vX : o € A} of V' (H) is upper triangular. Moreover, the diagonal entries of this matrix

are
= Z m;(a)\;(T), acA.
j=1

So, in particular, these are the eigenvalues of Dg (7). We point out that it might not be

possible to choose A for which {v : @ € A} is orthogonal [9, 10, 30] and thus this need not
be a Schur basis for Dy (7).

Denote by Spec (L) the spectrum of a linear operator L. The following is an extension
of the well-known result Spec L C W(L) [8].

Proposition 3.1 Let T € End (V). Then Spec (Dg(T)) C W*(Dg(T)).

Proof. Let x1,...,x, € V and let o € ). We have

(DK(T)':UOH wa) = (DK(T)xoa(l) ¥ K To(m)y La(l) * 00 F xa(m))
= <Z Ta(@) * - Ta(i * *+ Ta(m) Taq) * - * xa(m))
i=1

- X(e)
(3.5) = 21 2 XOTa) Tarm) 1 Fag) Faop):

i=1 ocH Jj#i
Now suppose {z1,...,z,} is an orthonormal basis for V. Let 0 € H and suppose that
;£ (Zag)s Tao@) # 0. Then a(j) = ao(j) for all j # i. But since mi(a) = m¢(ao) for
t=1,...,n, we also have a(i) = ao(i). So o € H,. Thus

x(e)
. ﬁ ZH X Txoz(z a(z))
o€

| }j‘) 5 X(0) (T )

=1

I
NE

(DK( )xomxa)

.
Il

=




(3.6) = [l25l* Do me(a) (T, z2).
t=1

Since ||z} [1* = (x(€)/|H|) Xper, x(0) = (x; 1) m, # 0, the desired result follows if {1, ...z}
is a Schur basis. O

Since Re W (L) = W(Re (L)) where Re denotes the real part of a complex number as
well as the Hermitian part of an operator, the right vertical support line of W (L) equals

{p € C: Rep =maxSpec(ReL)}.

Given ¢ = (c1,...,¢,) € C" | the c-numerical range of T € End (V) is the following
subset of C:

We(T) = {Z ¢j(Tzj, ;) : {z1,...,2,} is an orthonormal basis for V} .
j=1

It is known that W, (T') is convex if ¢ € R™, but it can fail to be convex if ¢ € C™ [31] (See
[25] for another proof and [27] for a generalization in the context of compact Lie groups).

We say that ¢ = (¢1,...,¢,) € R™ is majorized by d = (dy, . ..,d,) € R"™, written ¢ < d,

if for each 1 < k < n the sum of the k largest entries of ¢ is not larger than that of d, and

7_yc¢j = % 1 d;. Majorization induces a partial order on the set of orbits (under the

entry permutation action of S,) of those vectors in R"™ having the same entry sum. Two

vectors x,y € R are said to be comparable if either x < y or y < x. Clearly not all pairs

of vectors are comparable; for example, z = (4,1,1) and y = (3, 3,0) are not comparable.
It is known that if ¢ is majorized by d then W.(T") C Wy(T) [1, 6].

Theorem 3.2 The set
S = UaeaWm() (1) = U e AWm(a) (1) = Upe AWin(a) (T)
is star-shaped with “2trT" as a star-center. Moreover,
S CW*(Dg(T)) CW(Dg(T)) = conv S.

All these sets are equal to Wiy(s)(T') if there is § € Q such that m(0) majorizes m(a) for
all « € Q (resp., a € A).

Proof. Recall 2.1 Q = U,cx{ao : 0 € H}. Clearly m(a) = m(ao) and thus Wy, o) (T) =

Wm(aa)(T) for any o € 'y, 0 € Spp. So S 1= Uaggwm(a)(T) = UQGAWm(a)(T)- Since

QODADA, wehave S = UpeaAWin(a)(T) as well.
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Note that for any a € Q, we have (m/n)tr T € Wy, ()(T). This is because there is an
orthonormal basis {u1,...,u,} of V such that (Tw;,u;) = (1/n)tr T for all i =1,...,n [5],
and m = > 7 ; my(a). Thus the set S is star-shaped with (m/n)trT as a star-center by the
convexity of each W) (T) (a € Q). (Also see [28].)

Each element of Wiy (T) is of the form 37 m¢(a)(Twt, ) for some orthonormal
basis {x1,...,zn}. By (3.6)

Win()(T) € W*(Dg(T)).
Hence
S CWH(Dg(T)) € W(Dk(T)).

Next, we are going to prove that
W(Dg(T)) = conv S.

Since W(Dg(T)) is convex [8, page 110] and contains S, we get W (Dg(T')) O convS.
Therefore, it remains to prove the other inclusion, and for this it suffices to prove that every

extreme point of W (D (T')) belongs to Wiy (T') for some o € A.

First, we consider an exposed boundary point u € W(Dg(T)). By definition, there
exists a support line of W(Dg(T)) intersecting W (Dg(T)) at the point p alone. Then
there is r € [0, 27) such that e is the only point of W (e D (T)) = e"W (Dg(T)) on the
right vertical support line of W (e™" D (T)). Since T + Dy (T) is linear, D (Re (¢"T)) =
Re (" D (T)). By the discussion before the theorem,

Re eiru = max Spec (Re (eiTDK (T)>)
= maxSpec (Dx (Re (e"T)))

= max Y m;(@)A(Re (7 (1)),
aEA j=1

Let {v1,...,v,} be an orthonormal basis of eigenvectors corresponding to the eigenvalues
A1(Re (eT)) > --- > Ap(Re (e”"T)) of the Hermitian operator Re (¢”"T). Then

Aj(Re (€"T)) = (Re (e"T)vj,v;) = Re (e Tv;,vj), j=1...,n

So there is o € A such that

Ree” 1 = Re Z m;(a) (e Tvj,v;).
j=1



Hence the point
Y mj(a)(e"Tvj,vj) € Win(a) (" T) € W(Dg(e"T)) = W(e" Dy (T))
j=1

lies on the right vertical support line of W (e" Dy (T)). Since ey is the only point of
W (e D (T)) lying on the right vertical support line, e p = Y%, mj(a) (e Tvj,v;) and
hence

p= 3 (@) (T, ) € Wi (T).
=1

Straszewicz’s theorem [26, page 167] asserts that the set of exposed points of any closed
convex set C' is a dense subset of the set of extreme points of C'. (The convex hull of two
circular disks in C of the same radius but of different centers is a simple example for seeing
how an extreme point is the limit of a sequence of exposed points.) Now Wy, (T) C C,

a € A, are finitely many closed sets. So S = UpeaWm(a)(T) is closed and contains all the
exposed points of the closed convex set W (Dg (T)). We conclude that every extreme point
of W(Dg(T)) belongs to S.

Finally, suppose there is § € €2 such that m(d) majorizes m(a) for all a € Q (resp.,
a € A). Then Wiy(5)(T) 2 Win(a)(T) for each a € Q (resp., a € A), whence 8§ = Wy 5)(T).
Since Wiy (5)(T') is convex, we have conv S = § and so the inclusions in the statement of the
theorem are all equalities. The last assertion of the theorem follows. O

4 Largest multiplicity vector and convexity

A vector z € m(Q) is said to be a largest vector of m(Q) if y < x for all y € m(Q2). A
largest vector of m(2), if it exists, is unique up to permutation of its entries.
In this section, we give examples for which the set equalities

(4.7) S = W*(Dg(T)) = W(Dg(T)) = conv S

hold. We establish the indicated equalities in each case by showing that either ) is empty,
so that these sets are all empty as well, or m(2) has a largest vector k, so that these sets
all equal Wi (T') by Theorem 3.2. We also give examples to illustrate that some of these
equalities can fail to hold (see Theorems 4.5 and 4.6). We point out that in all of the
examples in Section 2 there is a largest vector of m(€2), so (4.7) holds in those cases.

Our first example was already observed in [4, Theorem 8.1].
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Proposition 4.1 Suppose x is the principal character of the subgroup H of S,,. Then
m(Q) has a largest vector, namely (m,0,...,0), and so (4.7) holds. Moreover the sets in
(4.7) all equal mW (T)

Proof. As observed in [4, Theorem 8.1], (m,0,...,0) = m(d), where § = (1,1,...,1) € Q,
so (m,0,...,0) is in m(f2), and it is clearly a largest vector of m(£2). Therefore, Theorem
3.2 says the sets in (4.7) all equal Wy,5)(T) = {m(Tz,x) : z € V, (x,2) = 1}. O

Theorem 4.2 If H = S,,, then (4.7) holds.

Proof. Assume H = S, and let m, be the partition of m corresponding to x [24]. If 7, has
greater than n parts, then 2 is empty [24, Corollary 6.38, page 169]. Assume 7, has at most
n parts, so that, in particular, it is a multiplicity vector. It is known that a multiplicity
vector k € N" is admissible if and only if k£ is majorized by 7, [24, page 169], [14]. It follows
that m, is a largest vector of m(£2). O

For a partition p = (p1,. .., ur) of m, the corresponding Young subgroup of S, is the
internal direct product S, = Sy, X -+ - x S, where Sy, is the subgroup of S, consisting
of those permutations that fix every integer not contained in the set

i—1 i
Mi::{lgkzgmzzuj<kgzlu]}

j= j=1
(an empty sum being interpreted as zero).

Theorem 4.3 Let = (p1,. .., ptr) be a partition of m. If H = S,, (Young subgroup), then
(4.7) holds.

Proof. Assume H = S, = Sy, x -+ x Sy, (notation as above). Then x = x1 x -+ X x
with x; an irreducible character of Sy, (1 <i <r).

Denoting by I'ay, , the set of functions from M; to {1,...,n} we have a bijection Iy, , —
Caryn % -+ x Ty, p given by a +— (o, ..., o), where o; denotes the restriction of a to M;.
For a € 'y, , we have Hy = (Sar )ay X -+ X (SM,)a, SO that

r

(X? 1)Ha = H(X’Lﬂ 1)(5Mi)ai :

i=1

Therefore, v € Q if and only if oy € Q; := {8 € I'nyn = (Xis1)(s,,.), # 0} for each
i. Clearly m(a) = >,m(q;) (o € T'yy ), so it follows from the observations above that
m(Q2) = m(€);). Identifying Sp;, with S, in the natural way, we have that x; equals
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X, for some partition m; of ;. If some m; has greater than p; parts, then €; is empty,
whence  is empty and (4.7) holds. Assume each 7; has at most p; parts. Then the proof
of Theorem 4.2 shows that m; is a largest vector of m(€2;) and thus 7 := ), m; is a largest
vector of m(£2). O

Proposition 4.4 If m <5, then (4.7) holds.

Proof. Assume m < 5. Then majorization is a total order on the set of partitions of m.
Since each vector in m() lies in the orbit (under the entry permutation action of S,) of
some partition of m, it follows that m(Q2) either is empty or has a largest vector. O

In each of the examples so far m(£2) has had a largest vector (or it has been empty).
We next give an example for which m(£2) is nonempty and has no largest vector.
Assume H = D,,, (m > 3), the dihedral group, which is generated by

<1 2 -+ m-—1 m> <1 2 3 oo om—1 m)
r= and s = .
2 3 .- m 1 1 m m-—-1 .- 3 2

If m is even, there are 4 irreducible characters of degree 1, given by the following table:

Y1 Y2 Y3 V4
R U B CS DL S D
srP 1 =1 (=1F (1)

If m is odd, then v; and 9 are the only irreducible characters of degree 1. The other
irreducible characters of D,, are of degree 2 and are induced by certain irreducible characters
of the cyclic subgroup C,, = (r).

Theorem 4.5 Assume H = D,,, and let the notation be as above.

1. Assume x = 2, m > 5, and n > 3. Then m(Q2) contains (m —2,1,1,0,...,0) and
(m —3,3,0,...,0) and each vector in m(S2) is majorized by one of these vectors. In
particular, there is no largest admissible vector. In fact, there exists T € End(V') for
which S is not convex and hence for which (4.7) fails to hold.

2. If x # 2 orm <5 orn <3, then (4.7) holds.

Proof. We first prove (1). We claim that (m — 1,1,0,...,0) is not admissible. Otherwise
there is a v € Q such that m(y) = (m — 1,1,0,...,0). We may assume v = (2,1,...,1)
since r € Dy,. But now (x, 1), = [x(1) + x(s)]/2 = (1 —1)/2 = 0, contradicting that
~v € Q.

We next claim that (m — 2,2,0,...,0) is not admissible. Otherwise there is a 8 € Q
such that m(8) = (m — 2,2,0,...,0). We may assume that § = (2,1,...,1,2,1,...,1),
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where the second 2 is in the ith position for some i # 1. Then Hg = {e,sr™ "1} and
(x;)m,; = (1=1)/2 =0, a contradiction.

Let 6 = (3,2,1,...,1). Then Hs = {e} and thus (x,1)g; = 1. So (m—2,1,1,0,...,0) =
m(J) is admissible.

Let £ =(2,2,1,2,1,...,1). Any element of H¢ must fix 3 since this is the only position ¢
for which & =1 and &_1 = 2 = &1 (subscripts modulo m), so that He C {e, sr™~*}. But
sr™=4(1) = 5, so He = {e}. Thus (x, Du, =1and (m—3,3,0,...,0) = m({) is admissible.

Using these observations, we see that all possible admissible vectors are majorized by
either m(d) or m(&) and, since these two vectors are admissible and not comparable, we con-
clude that there is no largest admissible vector. Moreover, since W.(T') C Wy(T') whenever
¢ < d, we find that

S = UacaWm()(T) = Win(s)(T) U Wiy (T).

Suppose T' = diag (2 + i,1) @ 0,—2. It is a normal operator acting on V' = C". Let t :=
(t1,...,tp) = (2414,1,0,...,0). Then (for example, see [21]) W.(T) = conv {clt: 0 € S,}
where c; = (Cs(1), - -+ Con)) for real c € R™. So

Win@)(T) = conv{(m —2)ty + ty + tw : {u,v,w} is a

three-element subset of {1,...,n}},
and

W) (T) = conv{(m —3)t, + 3t, : {u,v} is a

two-element subset of {1,...,n}}.

In particular, 21 = (2m —3) + (m —2)i is a vertex of Wy,(5)(T) and 22 = (2m —3) + (m —3)i
is a vertex of Wiy ) (T). But 21 is the only vertex of Wy,(5)(T) with real part 2m — 3 and
clearly 2m — 3 is the largest possible among the real parts of vertices of Wm((;)(T). A similar
statement holds for zo and Wiy)(T). Therefore (21 + 22)/2 = (2m — 3) + (m — 5/2)i is a
point on the segment joining z; and 23 that does not belong to W5y (1) U Wiy (e)(T). We
conclude that S is not convex.

Now we prove (2). If m < 5, then the claim follows from Proposition 4.4. Assume
X # Y2 and m > 5. We consider cases:

(a) (x is the principal character.) This case is handled by Proposition 4.1.

In the remaining cases, € is empty if n = 1, in which case (4.7) holds. So we assume
n > 1.
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(b) (x is of degree 2.) Since x is induced from a character of the normal subgroup C,
of H, it vanishes on the complement of C,. Let v = (2,1,...,1). Then clearly
H, = {e,s} and hence (x,1)g, = 1. Thus (m —1,1,0,...,0) = m(y) is admissible
and it is clearly a largest such vector. Our claim now follows from Theorem 3.2 as
usual.

(¢) (x =3.) Lety=(2,1,...

, 1) as before. Then (x,1)m, = [x(1)+x(s)]/2 = (1+1)/2 =
1. Thus, (m —1,1,0,...,0) =

m(+y) is admissible and it is a largest such vector.

(d) (x = ¢4.) First, (m —1,1,0,...,0) is not admissible by an argument similar to that
in the proof of (1). Let § = (2,2,1,...,1). Then Hg = {e,sr™ '} and (x,1)n, =
(14(=1)™)/2 = 1, using that m must be even in this case. Thus, (m—2,2,0,...,0) =
m(3) is a largest admissible vector.

Finally, assume n < 3, x = 19, and m > 5. Since n < 3, (m — 2,1,1,0,...,0) cannot be
admissible. Therefore, in view of the proof of (1), we have that (m — 3,3,0,...,0) = m(§)
is a largest admissible vector, where £ = (2,2,1,2,1,...,1). This completes the proof. O

For the T in the proof of part (1) of the theorem, we know only that one of the first two
equalities of (4.7) fails to hold, in view of Theorem 3.2. That is, either S # W*(Dg(T)) or
W*(Dg(T)) # W(Dg(T)). It would be interesting to determine whether the line segment
joining z; and zo in the above proof belongs to W*(Dg (T')) since an answer in the negative
would imply that W*(Dg(T)) # W (Dg(T)).

Assume H = A, (m > 2), the alternating group. Suppose the irreducible character
x of H is invariant under the conjugation action of S,,, that is, “x = x for all ¢ € Sy,
where “x(7) = x(7%) = x(¢7'70) (1 € H). Then x°" = x; + x» for some partition 7 of
m (written 7 - m) with 7’ # 7, where 7’ denotes the conjugate partition of 7. (See [11,
(6.20), (6.17)] and [24, Theorem 4.47].)

Now suppose Y is not invariant. Then y°™ = y, for some 7 - m with 7/ = 7. Moreover,
(7x)%™ = xr for every o € S,,. (See [11, (6.11)] and [24, Corollary 4.48].)

In summary: There exists 7 - m such that for every o € Sy, (“x)" = 27" (xx + Xn)
where

L { 0, n #m,

1, =

Note that ¢ is 0 or 1 according as x is or is not invariant. Note also that by Frobenius
Reciprocity m may be taken to be any partition of m for which x is a constituent of the
restriction of y, to H.

Theorem 4.6 Assume H is the alternating group Ay, with n:=dimV > m > 2, and let
7w and 7 be described as above.
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1. Then § = WL (T)UW./(T).

2. If m and @' are comparable, then (4.7) holds. In particular, if x is not invariant, then

(4.7) holds.

Proof. We begin by establishing a formula. Let = - m and assume x # [1™]. Then S,
(Young subgroup) contains an odd permutation, whence HS, = S,,. Therefore, Mackey’s
Subgroup Theorem [11, page 74] says ((1s,)%" )y = (1s,nz)?. Using this observation
together with Frobenius Reciprocity and linearity of the inner product, we obtain for each
oe€S,

27 (x> (15,)°™) 8 + (x> (15,)7™)s, ] = (O™, (L5,)%™)s,, = (Ox, (1s,) 5™ ) i
= ("x, (Ls,ne) ) = Ox, 1) s,

Next, we claim that m(Q) = {x e N": 2 < 7w or z < 7'}. Put
M ={xr:z+m,7 €S,, and either z < 7 or x < 7'}.

Note that since n > m and x - m has at most m parts, one can view x as an element of
N" so that the expression 7 = (z,(1),.-.,%r(n)) (7 € Sp) is defined. According to our
definition of majorization, we have M = {x € N" : < 7 or < 7'}. So it suffices to show
that m(Q) = M.

Let 21 € m(2). Then x1 = m(ay) for some a; € Q. Now z := 217! - m for some
7 € S,. We have z = m(a;)7™! = m(7a1) = m(a), where o = 7a; € . Since the
stabilizer in Sy, of a is conjugate to S, it follows that H, = (S;)° N H = (S; N H)?
for some o € Sy, Then (“x,1)s,nm = (X, D(sonmye = (D, # 0. If z # [1™], then

the computation above implies that either (x, (1s,)%™)s, or (xa,(ls,)°™)s,, is nonzero
(because each of them is a nonnegative integer) so that z < 7 or z < 7’ [12]. Since [1™] <,
it follows that in all cases x < m or < «’. Thus z1 € M.

Now let 1 € M. Then 1 = a7 for some x - m and 7 € S,, with z < mor z < 7.
Set o = (1%1,2%2 ... t"), where t is the length of z. (Note that « is in I'y,, by the
assumption n > m and since t < m.) Then H, = S, N H. Assume x # [1™]. Since
x < mor x < 7, we see ([12] again) that the first member in the computation above
(with o = 1) is nonzero. Thus (x,1)m, # 0, implying o € Q. Now, if x = [1™], then
a=(1,2,...,m), so H, = {e}, whence a € . Thus, in all cases * = m(a) € m(Q).
Finally, 71 = m(a)7 = m(771a) € m(Q) as desired.

Now we prove (1). Since W.(T") C Wy(T') whenever ¢ < d, we have

Si= UaEQWm(a) (T) = WW(T> U Ww’(T)
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Finally, we prove (2). If m = #/, then 7 is a largest vector in m(2) and (4.7) follows
from Theorem 3.2. The same holds with 7 and 7’ exchanged. Finally, if x is not invariant,
then 7’ = m so m and 7’ are comparable and the proof is complete. O

Note that if 7 = [5,23] - 11, then 7' = [4%,1?] so that 7 and 7’ are not comparable and
there is no largest admissible vector (see proof of theorem). It is easy to check that 11 is
the least m for which there exists a partition of m not comparable to its conjugate.

5 Some consequences

Using Theorem 3.2, we extend some results on the classical numerical range to the
decomposable numerical range. The irreducible character x is said to be of determinant type
[14] if K(S) = (det S)™/™ for all S € End (V), or equivalently, each a € A satisfies m; (o) =
.-+ =my(a) (in which case each m;(a) = m/n). In this case, D (T') = (m/n)(tr T)I, and
W*(Dg(T)) = W(Dg(T)) = {(m/n)(trT)}, which does not convey much information
about 7. Otherwise, we have the following.

Theorem 5.1 Suppose x is not of determinant type. Then Dy (T) is scalar (respectively,
Hermitian) if and only if T is scalar (respectively, Hermitian). Consequently,

(a) W*(Dg(T)) or W(Dg(T)) equals {u} if and only if T = (u/m)I;

(b) W*(Dg(T)) or W(Dg(T)) is a subset of R if and only if T = T*.

Proof. If T is scalar or Hermitian, then clearly Dy (7T) has the corresponding property.
Suppose Dk (T') = pI. We claim that both Re T and Im T are scalar operators. If Re T were
not a scalar operator, then the spectrum of Re Dg(T') = Dk (ReT') would not be a singleton

set. It is because it contains 377 _; mj(a)Aj(ReT), a € A. Since x is not of determinant

type, we may assume that my(a) > my(a) for some o € A and A\ (ReT) > Ay(ReT). Thus

m; (Ot))\l (Re T) + my (Oz))\g (Re T) + i m; (Ot))\j (Re T)
=3

> mo(a)Ai(ReT) + mi(a) 2 (ReT) + z”: mj(a)A;(ReT),

J=3

since (my (o) — ma(a))(A1(ReT) — A2(ReT)) > 0. Notice that (m(«))(12) is still a mul-
tiplicity vector, where (12) denotes the transposition in S,. So Dk (T) would have more
than one eigenvalue. Thus Dk (T') would be non-scalar, which is a contradiction. Applying
the same arguments, we see that Im 7" is a scalar, and the result follows.
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Suppose Dk (T) is Hermitian. Then Im Dg(T') is the zero operator. By the previous
argument, we see that Im 7T is a scalar and thus the zero operator.

Now, (a) and (b) follow from the fact that Spec Ree” D (T) C W*(Ree” D (T)) for
any r € [0, 27). O

Theorem 5.2 Suppose x is not of determinant type, and o, € C. The following condi-
tions are equivalent.

(a) W*(Dg(T)) =W(Dg(T)) C{at+ 5:t € R}.

(b) Dg(T) = aH + BI for some Hermitian operator H.

(¢c) T =aH + (B/m)I for some Hermitian operator H.

Proof. The equivalence of (a) and (b) is well known. The implication (c) = (b) is clear.
Suppose Dy (T) = aH + 1 for some Hermitian operator H. Consider two cases. (1) o # 0.

Dkl(T — (8/m)1) /o] = (D (T) ~ BT)/a = I
is Hermitian, since Dg (I) = mI. Thus, [T — (8/m)I]/a is Hermitian by Theorem 5.1(b).
Condition (c) follows. (2) @ = 0. Then D (T) = I and W(Dg(T)) = {#}. By Theorem
5.1(a), T = BI/m.
O

6 Related topics

Suppose m < n. Researchers also consider
Wi(L) = {(Lv*,v*) : v* = vy %+ x vy, {v1,...,0y,} is an orthonormal set in V'}.

Using (3.6) with a = (1,2,...,m) so that my(a) = 1 for all ¢ = 1,...,m, we have the
following.

Theorem 6.1 Suppose m < n. Then

m
Wi(Dg(T) { | Z (Twj,vj) : {v1,...,vn} is an orthonormal set in V} .

Thus, Wi (Dg(T)) is, up to a scalar, the mth numerical range of 7" as defined by Halmos
[8].

Another generalization is
WH(L) := {(L(uy * -+ % Up),Up % -+ % Up,) : UL, ..., Uy, are unit vectors in V}.

Clearly W (L) C W*(L).
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Theorem 6.2 Suppose 1 < m < n, H = Sy, and x is the alternating character. Then
W*(Dg(T)) equals the convex hull of (1/n!)W,(T) U {0}.

Proof. Assume 1 < m < n and put L = Dg(T). Let pp € (1/nl)W,,(T). By Theorem
6.1, u € Wi (L), so p = (Lz*,2*) where 2* = x1 * - - % xpp, with z1,..., 2, orthonormal.
Let 0 <t <1. Set uy = vtz ++1—txs and uj =25, =2,...,m. Then u* = Vtz* and
thus tp = (Lu*,u*) € W*(L). Since W,,(T) is convex [8], the convex hull of LW, (T)u{0}
is contained in W*(L).

Conversely, let © € W*(L). Then p = (La*,x*) with @1,...,2m, unit vectors. If
Z1,...,T;, are linearly dependent, then z* = 0 and = 0. Assume x4, ..., T, are linearly
independent and let {uy,...,u;} be an orthonormal basis of the linear span of xy,..., .
Then for i = 1,...,m, we can write z; = }_7; a;ju; with a;; € C, and z* = (det A) u”,
where A = (a;j). So u = |det A|*(Lu*,u*). But |det A|?> = det(AA*), which is less than
or equal to 1 by the Hadamard inequality [2], so u is contained in the convex hull of
W7 (L)U{0}. Since W (L) = (1/n!)W,,(T) by Theorem 6.1, we have the desired result. O

Remark: As pointed out by the referee, it would be interesting to find a non-convex
example of W*(Dg(T)).
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