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Abstract

The optimal parameter of the Hermitian /skew-Hermitian splitting (HSS) iteration method
for a real 2-by-2 linear system is obtained. The result is used to determine the optimal
parameters for linear systems associated with certain 2-by-2 block matrices, and to esti-
mate the optimal parameters of the HSS iteration method for linear systems with n-by-n
real coeflicient matrices. Numerical examples are given to illustrate the results.

Keywords: Non-Hermitian matrix, Hermitian matrix, skew-Hermitian matrix, split-
ting iteration method, optimal iteration parameter.

AMS(MOS) Subject Classifications: 65F10, 65F50; CR: G1.3.
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1 Introduction

To solve the large sparse non-Hermitian and positive definite system of linear equations
Ar = f, A € C"*" positive definite, A # A*, and z, f € C", (1.1)

Bai, Golub and Ng[2] recently proposed the Hermitian/skew-Hermitian splitting (HSS)
iteration method based on the fact that the coefficient matrix A naturally possesses the
Hermitian/skew-Hermitian (HS) splitting[10, 19]

A=H+S,

where 1
H= %(A—i—A*) and S = §(A — A",

with A* being the conjugate transpose of the matrix A. They showed that this HSS itera-
tion converges unconditionally to the exact solution of the system of linear equations (1.1),
with the upper bound on convergence speed about the same as that of the conjugate gra-
dient method when applied to Hermitian matrices. Moreover, the upper bound of the
contraction factor is dependent on the spectrum of the Hermitian part H, but is inde-
pendent of the spectrum of the skew-Hermitian part S as well as the eigenvalues of the
matrices H, S and A. Numerical experiments have shown that the HSS iteration method
is very efficient and robust both as a solver and as a preconditioner (to Krylov subspace
methods such as GMRES and BiCGSTAB; see [15, 18]) for solving non-Hermitian and
positive definite linear systems.

To further improve the efficiency of the method, it is desirable to determine or find
a good estimate for the optimal parameter o*. Unfortunately, there is no good method
in doing that. In this paper, we analyze 2-by-2 real matrices in detail, and obtain the
optimal parameter o* that minimizes the spectral radius of the iteration matrix of the
corresponding HSS method. We then use the results to determine the optimal param-
eters for linear systems associated with certain 2-by-2 block matrices, and to estimate
the optimal parameter o* of the HSS method for general n-by-n nonsymmetric positive
definite system of linear equations (1.1). Numerical examples are given to show that our
estimations improve previous results and are close to the values of the optimal parameters.

Unless specified otherwise, we assume throughout the paper that the non-Hermitian
matrix A € C™*" is positive definite, i.e., A # A* and its Hermitian part H = %(A + A¥)
is Hermitian positive definite.

2 The HSS Iteration

Let us first review the HSS iteration method presented in Bai, Golub and Ng|[2].

The HSS Iteration Method. Given an initial guess z(®) € C", compute z(*)
for k=0,1,2,... using the following iteration scheme until {aj(k)} satisfies
the stopping criterion:

(al + H)z®+2) = (al — S)z® + f,
(al +S)z® D) = (aI — H)z®+2) + f,
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where o is a given positive constant.

In matrix-vector form, the above HSS iteration method can be equivalently rewritten as
25 = M(a)z® + G(a)f, kE=0,1,2,..., (2.1)

where
M(a) = (al + S) Y al — H)(al + H) ' (al - S) (2.2)

and
G(a) = 2a(ad + S) Y al + H)™L.

Here, M(«) is the iteration matrix of the HSS method. In fact, (2.1) may also result from
the splitting
A= B(a) - C(a)

of the coefficient matrix A, with

{ B(a) = s=(al+H)(al+5),
Cla) = s=(al —H)(al - 9).

Q

The following theorem established in [2] describes the convergence property of the HSS
iteration.

Theorem 2.1. Let A € C™*" be a positive definite matriz, H = 1(A + A*) and S =
%(A — A*) be its Hermitian and skew-Hermitian parts, respectively, and o be a positive
constant. Then the spectral radius p(M(a)) of the iteration matric M(«) of the HSS
iteration (see (2.2)) is bounded by

Y
o(a) = max o J|,
NENH) o+ Ajl

where \(+) represents the spectrum of the corresponding matriz. Consequently, we have
pM(a)) <ola) <1,  Va>0,

i.e., the HSS iteration converges to the exact solution x* € C" of the system of linear

equations (1.1).

Moreover, if Ymin and Ymax are the lower and the upper bounds of the eigenvalues of the
matrix H, respectively, then

a— A
o+ A

Q = arg min max
o Ymin AL Ymax

and
0'(6[) _ v Ymax — 4/ Ymin _ \ K(H) -1
\/’YmaXWL\/’Ymin \/K(H) —|—1’

where k(H) is the spectral condition number of H.
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Of course, & is usually different from the optimal parameter
o = argmin p(M(a)),
[e%

and it always holds that
p(M(a*)) < o(@).
Numerical experiments in [2] have confirmed that in most situation, p(M(a*)) < o(&).

See [3, 12, 6, 16, 1, 13, 8, 14, 11, 7] for further applications and generalizations of the HSS
iteration method.

3 The Real Two-By-Two Case

In this section, we study linear systems associated with a real 2-by-2 matrix A with positive
definite symmetric part. We first determine the eigenvalues of M(«) defined in (2.2). The
following theorem is stated in general terms so that it can be used more conveniently for
future discussion.

Theorem 3.1. Let A = H+S € R?*2 be such that H is symmetric positive definite and S
is skew-symmetric. Suppose H has eigenvalues A1 > Ay > 0 and det(S) = ¢ with q € R.
Then the two eigenvalues of the iteration matrix M(«) defined in (2.2) are

(@® — M) (a? — ) £ /(a® — Mh2)2(a? — ¢2)2 — (a2 — A})(a? — A2)(a? + ¢2)?
(a+)\1)(a—|—)\2)(a2 —|—q2) .

Ay =
As a result, if
(0 = A (@” = ) > (@ = W) (a? = M)(a® +¢*)%

then p(M(a)) equals to

a2 = Aalla? = g2 + /[0 = Ahe(e” = ) = (@2 = X)(@? = M)(@? + ),
(@ Mo+ A)(e? +¢7) |

if
(@ = M)’ (0 — ¢)* < (o® = AD)(@® — A5)(a® + ¢*)?,

then p(M(a)) equals to
(Oé — )\1)(0& — )\2)
(a+A)(a+A2)

Proof. Let A = H 4+ S € R>*?, where H is symmetric positive definite, and S is skew-
symmetric. Then there is an orthogonal matrix @ € R?*? such that Q'HQ is a diagonal
matrix with diagonal entries A; and )2, where Q! denotes the transpose matrix of Q.
We may replace A by Q'AQ without changing the assumptions and conclusions of our
theorem. So, assume that

A0 1 0 ¢ .
H—[O )\2] and S—[_q O] with ¢ € R.
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Then (ol + H) Y (al — H)(al + S)"Y(al — S) equals

1 (a27q2)(a7)\1) _2qa(af)\1)
Pre | i) @edlatn
ala—X2 a’— a—Ma
a +q a+A2 a+A2
The formula for A1+ and the assertion on p(M(«)) follow. O

One may want to use the formula of p(M(«a)) in Theorem 3.1 to determine the optimal
choice of a. It turns out that the analysis is very complicated and not productive. The
main difficulty is the expression

V(@ = X202 = ) - (02 = M) (0? — B)(a? + ¢ (31)

in the formula of p(M(«)). For example, one may see [5] for the analysis of a similar and
simpler problem. Here, we use a different approach that allows us to avoid the complicated
expression (3.1).

For notational simplicity, we write

pl@) = p(M()).

Define
[ trace (M(a)) 2 B (0 — ¢*)(a® = A1 Ag) ?
O e B (s ren el &
. . (a—)\l)(a—/\g)
bl = det (Ma)) = (o TEE
and
w(ar) = max{¢(a), [¢(a)l}.
Evidently,
pla)? > w(a).
Moreover,
1=0(0)= lim 6(a) and 1=¢(0)= lim y(a)
Thus,

lim w(a) =w(0)=1>w() forall {>0.
a——+00
Since w(«) is continuous and nonnegative, there exists a* > 0 such that

w(a®) = min{w(a) | @ > 0}.

We will show that
o(a®) = [p(a”)]. (3.2)

As a result, the eigenvalues of M(«a*) have the same modulus, and thus
pla)? > wla) > wla®) = p(a*)?, forall a > 0.

By the above discussion, establishing (3.2) will lead to the following theorem.
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Theorem 3.2. Let the assumptions of Theorem 3.1 be satisfied and define the functions
¢ and v as above. Then the optimal o > 0 satisfying

p(M(a")) = min{p(M(a)) | o > 0}
lies in the finite set
S={a>0]¢(a) = [P(a)]},

which consists of numbers a > 0 satisfying
(@® +¢°)%(@® = AD)(0® = A3) = (a® — ¢*)*(a® = A ho)? (3.3)

(0 +¢*)°(A] — a®) (0 = ) = (0 — ¢*)*(a® — M )*. (3.4)

Proof. We only need to demonstrate the validity of (3.2), i.e.,

Note that ¢(a) is continuously differentiable for v > 0, and |¢(«)| is continuous for
a > 0 and differentiable except for « = A\; and 2. Since w(a) = max{p(a), |[¥(a)|}, if
o satisfies

w(a®) = min{w(a) | a > 0},

then one of the following holds.
(i) p(a®) = [¢(a™)];
(i) ¢(a*) > |¥(a*)| and ¢(a*) is a local minimum of ¢(«);
(iii) |[¢(a™)] > ¢(a*) and [¢(a*)| is a local minimum of |1 (a)|.

First, we claim that (iii) cannot happen. To see this, note that

()\1 + )\2)(042 — )\1)\2)
[(or+ A1) (a + Ao)]?

V() =

)

which is positive or negative according to a > v/ A1A2 or a < v/A1Ae, respectively, and
)’ (\//\1)\2) = 0. Because A\ > VA1 Ay > Ao, we see that |¢)(«)| = ¢(«) is differentiable
and decreasing on (0, A2), and |¢(a)| = ¢(«) is differentiable and increasing on (A1, +00).
Thus, there cannot be o* in (0, A2) U (A1, +00) satisfying (iii). Furthermore, |1)();)| =0
for j = 1,2; so, it is impossible to have a* = \; satisfying (iii). Finally, [ (a)| = —(«)
is differentiable on (A2, A1) with a local maximum at /A1 A2. Thus, there cannot be o* in
(A2, A1) satisfying (iii).

Next, we show that (ii) cannot happen. The analysis is more involved. Instead of ¢(«),
we consider its square root

Fla) — (0%~ @)~ ) :(1 22 )<1 M M >

(@4 ¢*)(a+ M) (a+ o) a?+¢? S a+ A at
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Then
F(a) 4% (@ — A1 )2) (a® —¢?) ( A1 n Y >
@2+ @2 (a+A)(a+X2)  (@2+¢) \(a+X)2  (a+ A2)?
A1+ A2
= - P(a),
@2+ @20+ 2)2a e T
where
2
P(Oé) — OZG + 4()\1)\2 + q )065 4 (AIAQ + 4q2)a4
A1+ A2

_APM (@ + M)

— A agt
A+ Ao o~ s

—q2(q2 + 4)\1)\2)@2

Suppose ¢ < VA1dg. Then F'(a) < 0 for @ € (0,¢), and F'(or) > 0 for o €
(VA1 A2, +00). So, F(«) is decreasing on (0,¢q) and increasing on [v/A1A2,+00). Hence,
#(a) = F(a)? cannot have a local minimum in these two intervals. Thus, there cannot
be an o in these intervals satisfying (ii). Because ¢(q) = ¢ (\/)\1)\2) = 0, we cannot have
a* = q or /A1 g satisfying (ii).

Next, we claim that F'(«) has only one critical point in (q, \//\1)\2), which is a local
minimum. This point will be the unique critical point for ¢(a) = F(a)? on (q, \/)\1)\2),
which is a local maximum. Thus, there cannot be an o* in this interval satisfying (ii).

To prove our claim, note that « > 0 is a critical point of F(«) if and only if « is a zero
of P(a). So, it suffices to show that P(«) only has one positive zero. Now,

80(M1Az + ¢°)
AL+ Ao
Since P”(0) < 0 and lim, 400 P’(a) = 400, we see that P”(a) has a positive zero.
However, P”(«) cannot have two or more positive zeros (counting multiplicity). Otherwise,
240(A1 A2 + ¢%)
A1+ A2

has a positive zero, which is impossible. Next, we argue that

20(\1 A2 + 2
P'a) = 6a°+ WO‘4 +4(MA2 +4¢2)a?

P"(a) = 300 + o3 +12(M A2 + 4¢%)a? — 2% (¢ + 4\ \2).

P"(a) = 120> + o? +24(M A2 + 4¢°)a

46° X1 02(¢% + M ho)

A1+ A2
has exactly one positive zero. Since P'(0) < 0 and lim,—, 400 P'() = +00, we see that
P’(«) has a positive zero. Since P”(0) < 0 and P”(«) only has one positive zero oy, we
see that P’(a) is decreasing on (0,a7) and increasing on (aq,+00). So, P'(«) can only
have one positive zero as > aj.

—2¢%(q* + 4\ o) —

We can apply the same argument to P(«). Since P(0) < 0 and limy—, 400 P(a) = 400,
we see that P(«) has a positive zero. Since P’(0) < 0 and P’(«) only has one positive
zero o, we see that P(«) is decreasing on (0, a2) and increasing on (ag, +00). So, P(«)
can only have one positive zero ag > asg, and our claim is proved.

One can use a similar argument to get the desired conclusion if ¢ > /A1 A2. We omit
the discussion. O
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Remark 3.3. Using the absolute value function, we can combine (3.3) and (3.4) to a
single equation

(@® +¢*)* (A = a®)(a® = )| = [(0® = ¢*)(® = Mdo)]*.
Nonetheless, the polynomial equations are easier to solve and use. In fact, if Ay = Ay = A¥,

then (3.3) and (3.4) only has one positive solution, namely, & = A\*. Suppose A\; > Ag. If
we use the substitution 3 = a2, then (3.3) reduces to the quadratic equation

(A = A2)? = 462182 + 2% (M1 + X2)2B + (2 (M1 — A2)? — ANINE] =0,

which has solutions

q(2A1 X2 — g\ + qh2) —q(2M A2 + gA1 — gA2)
and
A1 — A2+ 2¢q Al — A2 —2q

if [N\ — Aa| # 2¢. Otherwise, the equation is linear and has a solution

5= 2(¢" = MA3) _ 2(¢ +MMo) (¢ — Mide) (M +A0) (e —Mide) L2 )
(M1 + A2)?2 (M + A2)? 2\ + A2)? 2 e

Of course, these solutions will be useful only if they are positive and lie outside the interval
[A3,)2]. Similarly, by the substitution 3 = a2, (3.4) reduces to the quartic equation

28 — (A1 +A2)28° +2[ATA3 — (M — A2)® + ¢']8% — ¢* (M + X2)?B+2¢"ATN5 = 0, (3.5)
which has exactly two solutions p1 and pe with g1 € [A3, A\1A2) and po € (A +A3)/2, \2].
Furthermore, if ¢* € [x\%,)\%] then 11 < ¢ and ps > ¢%>. In particular, if ¢ = \; for

i € {1,2} then 3 = A? is a solution. The verification of the above statements will be given
in the last section.

As an illustration of Theorems 3.1 and 3.2 as well as Remark 3.3, we consider a simple
example for which A\ =2, Ao =1 and ¢ = 1. By straightforward computations, we know
that the only positive roots of the equation (3.3) are af = 1 and o = V5, and those of
the equation (3.4) are aj =1 and

6 43
o = Y0 (74 Yo g ovmem + g ~ 1.914.
6 712 4+ 9v/5277

We remark that now equation (3.4) is equivalent to (8 —1)(23% — 73? + 3 —8) = 0. Based
on Theorem 3.1, from direct calculations we have

p(M(a) = p(M(e3) = 0. p(M(a) = LT3V g ggao

and
p(M(aj)) =~ 0.201.

Therefore, for the HSS iteration method, the optimal parameter is o* = 1 and the cor-
responding optimal convergence factor is p(M(a*)) = 0. On the other hand, from Theo-
rem 2.1 we can easily obtain

a=+vV2~1414 and o(d@)=3-2vV2~0.172.
Obviously, it holds that p(M(a*)) < o(@).
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Remark 3.4. Note that in our proof of Theorem 3.2, we get much information for the
function w(a) = max{¢(a), |¢ ()|} with o > 0. In particular, we show that all the local
minima of w(«) satisfy

p(a) = [¢(a)];
and they are the roots of (3.3) and (3.4). Moreover, the local minima of w(«) are also
local minima of p(«), and that the global minimum of p(«) and w(«) occur at the same
a*. If one can prove independently that the local minima p(«) always occur when the
eigenvalues of M(a) have the same magnitude, then one can conclude that the functions
w(a) and p(a) have the same local and global minima. Once again, this is difficult to do
because of the expression (3.1) in p(a) = p(M(w)).

Using the notations defined in Theorem 3.1, we immediately get the following conclusion
from Theorem 3.2.

Corollary 3.5. Let the assumptions of Theorem 3.1 be satisfied. Then the optimal a* > 0
satisfying
p(M(a*)) = min{p(M(a)) | @ > 0}

s a positive Toot of the equation

(@® +¢*)*(a® = AD)(a® = AJ) = (o® = ¢°)*(a® = M do)?
or

(@® +¢?)* (A = a®)(a® = A3) = (0 = ¢*)*(a® = M),

Remark 3.6. The first equation in Corollary 3.5 can be reduced to a quadratic equa-
2

tion and the second one can be reduced to a quartic equation with respect to § = a~,
respectively, analogously to those in Remark 3.3.
Remark 3.7. Note that the results in this section are also valid if A\; > 0 = Ay and g # 0.

Remark 3.8. We should point out again that Theorem 3.2 has been established only for
real matrices. For complex matrices, how to determine the optimal iteration parameter of
the HSS iteration method is still an open problem.

4 Two-By-Two Block Matrices

In this section, we determine the optimal parameter o™ for a 2-by-2 block matrix of the
form
I RPNV S D)
A_ |: _E* )\215 :|7 (41)

where A\; > Ao > 0. Note that the case when \; = Ay is trivial !. Systems of linear
equations with the 2-by-2 block matrices (4.1) arise in many applications; for details we

f A1 = A2 = \*, then the iteration matrix of the HSS iteration method is given by M(a) = 2‘;&: Q(a),

where Q(a) := (al+8)7 ! (al —S) is a Cayley transform of S and is, thus, unitary, and S = { 70E* g} } ;
see (2.2). Obviously, it holds that p(M(a)) = ‘Z;f\‘:‘ Therefore, for the HSS iteration method applied to

this special linear system, the optimal parameter is o = A\* and the corresponding optimal convergence
factor is p(M(a™)) = 0.
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refer the readers to [17, Chapter 6], [9, Chapters 4, 5 and 10], [20, 10, 4, 5] and references
therein. According to Young[20] and Varga[l7], the matrix A in (4.1) is called a 2-cyclic
matrix, and is connected with property A.

Theorem 4.1. Suppose that the matriz A € C**™ defined in (4.1) satisfies A\; > Ay > 0,
and the nonzero matriz E € C"™™° has nonzero singular values q1 > q2 > -+ > qi. Let

Ml 0

1 o
H:Q(AJrA)_[ 0l

} and S:;(A—A*):{ 0 E]

—E* 0
be the Hermitian and the skew-Hermitian parts of the matriz A, respectively. Then, for the
correspondingly induced HSS iteration method, the spectral radius p(M(«)) of its iteration

matrizc M(a) (see (2.2)) attains the minimum at o*, which is a root of one of the following
equations:

(@ = VA1) (o — /qigx) = 0,

(@ +¢2)% (@ = A})(a® = A3) = (% — )% (a® — M ho)?

or
(@®+ @22 (N — a®)(0® = 1) = (a® — ¢)%(a® — Mh)?,

where j =1, k.
Proof. Suppose A satisfies the hypotheses of the theorem. Then A is unitarily similar
to A1 @--- @A ® A1, D A2l,, where @ denotes the matrix direct sum, A; = [ )\IA 9 ] ,

u=r—*kandv=s—k. For a >0, define

pla) = p(M(a)) and  pj(a) = p(M;(a)),

where M(«) is unitarily similar to My (a) @ ---® My (a) ® g;ii I, @ g;i; I, with M;(a)

being the HSS iteration matrix associated with A; for j =1,2,..., k. Furthermore, define

fila) = |la—=X|/la+A;|  for j=1,2.
Consider four cases.

Case 1. If r > k and s > k, then fi(a) and fo(«) are eigenvalues of M(a) and

> |fa(@)l}

pla) = max{]fi(e)

is the largest singular value of M(«). Thus,

pla*) =p (x/@) = \/\/2:1;\/\/;\:2

Case 2. Suppose r > k and s = k. Let po(a) = fi(a). Then

pla) = max{p;(a) |0 < j < k}.

For a € (0,vA1 2],

pla) = po(a) = fi(a)
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is the largest singular value of M(a). If a > (A\3/A2)Y/2, then

o — )\1 2)\1 2)\1 /
file) o+ A\ ' o+ A —‘ VAIA2 + A\ ”( ! 2)

Thus, p(a) > p(VAiA2) if a € [0,(AX2)2] U [(A3/X2)Y/2,4+00). So, we focus on the
interval

T = () (F/2)'7).

For a € J, let

L ftace(My(@))® [ (@ =@ —an) |
¢](a) - {2} o {(0424‘@[]2)(04-1-)\1)(0[—}—)\2)

(a — )\1)(0& - )\2)
(+ M)+ Ag)’
Clearly, 9 () is independent of the index j. By Theorem 3.1, if ¢;(a) > 1(c), then

and

P(a) = det (Mj(a)) =

=1,2,...,k

pi@) = \J95(0) +1/5(a) — v(a);

o le= e =)
il )_\/(a—i—)\l)(oﬁ—/\g)'

otherwise,

We claim that
max{pj(a):1<j <k} =max{pi(a), pr(a)}, ae

Suppose 1 < j < k. If ¢(a) < ¢(cv) then

(o) = (a—)\l)(a—)\g)
il )_\/(a+)\1)(a+)\2)’

and min{¢;(a), pp()} < ¢j(a) < P(a). It follows that pi(a) = pj(a) or pr(a) = pj(a).
If ¢j(o) > ¢(a) and o > q]2-, then

0 < ¢j(a) < dr(a),
and hence
pi(a) = 1/d5(0) + \/65(@) — ¥(a) < v/ar(@) + vou(@) — (@) = prla);

if ¢j(o) > ¢Y(a) and a < qu, then

0 < ¢j(a) < di1(a)

and hence

pi(a) = \/6;(@) + /6;(0) — ¥l(@) < Vé1(a) + V1) — b(a) = pi(a).
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Thus, our claim is proved.

For each o € J, we have

Vie = Ml/la+ ] < Ve = el /la + Ko,

|

Combining the above, we see that

and hence

(a — )\1)(0& — )\2)
(Oé + )\1)(0& + )\2)

Oé—)\l
a—+ Ap

po(a) = < max{pi(a), pr(a)}.

pla) = max{pi(a), pe(@)}, ac .
Let
Qa) = max{gi (), dr(a), [Y(a)[}.
Then
Qa) < max{pi(@)?, pr(e)*}.
If o € J is such that Q(a*) < Q(a) for all a € J, then one of the following holds.

(1) ¢1(a*) = dr(a*) = [¢(a¥)];
(2.2) d1(a*) = dy(a*) > [(a*)], a* is a local minimum of the function max{¢s (@), ¢r(a)},
(2b) ¢1(a*) = [¥(a*)| > ér(a®), a* is a local minimum of the function max{¢: (a), [¥(a)|},
(2.) dr(a*) = [b(a*)| > ¢1(a*), a* is a local minimum of the function max{y(a), [¥(a)[};
(3.2) max{¢1(a*), dp(a*)} < [(a*)| and a* is a local minimum of the function [(a*),
(3.b) max{é(a*), [(a*)|} < ¢p(a*) and o* is a local minimum of the function ¢y(a*),
(3.c) max{gu(a®), [¥(a*)|} < é1(a*) and o* is a local minimum of the function ¢;(a*).

By the proof of Theorem 3.2, we see that the function |¢)(a)| has a differentiable local
maximum at o > 0, and two non-differentiable local minima at Ay and Aj, where ¥(\;) =
1(A2) = 0. Thus, condition (3.a) cannot hold. Similarly, for j = 1, k, the proof of Theorem
3.2 shows that the function ¢;(c) has a local maximum at a > 0, and two local minima at

lgj| and /A1 A2, where ¢;(|gj]) = ¢j(v/A1A2) = 0. Thus, none of conditions (3.b) or (3.c)
holds.

Now suppose that (1) or (2.a) holds. Then ¢;(a*) = ¢x(a*) implies that a* = \/q1qx.
In both cases, we have

= Vi (a") + Vi () —b(a*) = Vor(ar) + Vor(ar) — v(a*) = p(a”),
and Q(a*) = max{p1(a*)?, pp(a*)?}).
Suppose that (2.b) holds. If ¢ (a*) > 1(a*), then
= Vo) + V(@) = 9(a7) < Vi) + V() — ) = pi(a”);
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otherwise,

*®Y (Oé* - A1)(04* - )\2) %
pr(a’) = \/(a* + A1) (e + A2) < p1(a).

Thus, Q(a*) = p1(a*)? = max{p1(a*)?, prp(a*)?}. Moreover, since a* is a local minimum
of the function max{¢;(«), [¢(¢)|}, by Remark 3.4 we see that a* is a root of the equation

(0® +¢1)*(0® = AD)(0® = A7) = (o” = g1)*(a” = Miha)?
or

(0 +47)?(\f = @%)(0® = A7) = (¥ — ¢)*(a® — M)

Suppose that (2.c) holds. We can use an argument similar to the case of (2.b) to
conclude that Q(a*) = pp(a*)? = max{pi(a*)?, pr(a*)?} and that o* is a root of the
equation

(0 + q0)*(a® = M])(a® = A3) = (o® — )*(a” — Aih2)?

or
(0 +g)*(\f = @?)(0® = A7) = (o — gp)*(a® — M),

Note that in all the cases (1), (2.a), (2.b), and (2.c), we have
Q(a®) = max{pr (a®)?, pr(a®)?.
Consequently, if a* € J yields the smallest Q(«), then
p(a)? = max{py(@)?, pr(@)?} > O(a) > Q(a”) = max{p1(a*)?, pr(a®)2} = p(a)2.

So, we only need to consider those « satisfying the specified equations in the theorem to
determine the optimal parameter a*.

Case 3. Suppose r = k and s > k. Let pg(a) = fa(a). Then
pla) = max{p;(0) | 0 < j < k},
Similarly to the proof of Case 2, we can show that

pla) > p(v/ A1 A2)

if « is positive and lies outside the interval
7= (8202, (Aar0)?).

So, we can focus on the interval J.
For a € J, we have
p(a) = max{p1(a), pr(a)}-

Note that in this case, for each a € J, we have

Ve =X/l + Ao < V] — Mil/]a+ M,
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|

Finally, if o € J is such that p(a*) < p(v/A1A2), we can show that o must satisfy one of
the three specified equations using an argument similar to the one in Case 2.

and hence

Od—)\g
a+ Ao

(Od — )\1)(0[ — /\2)
(Od + )\1)(04 + AQ)

pola) = < max{pi(a), pr(e)}-

Case 4. Suppose r = s = k. Then
pla) = max{p;(a) |1 < j < k}.

Note that if « is positive and lies outside the interval
T = (302 (d/x2)?) |

then each of the singular values of M(«a), which is equal to | — \|/]a + A1] or o —
A2|/|a + A2|, has magnitude larger than p(y/A1A2). Thus

pla) > [det(M(a)| /" > p(v/Aha).

So, we can focus on those o € J. For each o € J, we can show that

pla) = max{p1(a), pr()}.

Moreover, if a* € J is such that p(a*) < p(v/A1\2), we can show that o must satisfy one
of the three specified equations. |

Remark 4.2. The second group of equations in Theorem 4.1 can be reduced to a group
of quadratic equations and the last one can be reduced to a group of quartic equations
with respect to 3 = o2, respectively, analogously to those in Remark 3.3.

As an illustration of Theorem 4.1 and Remark 4.2, we consider a simple example for
which A\ = 2, A2 = 1, ¢ = 1 and ¢ = 2. Obviously, o = V2 &~ 1.414 is the root
of the first equation in Theorem 4.1. In addition, by straightforward computations, we
know that the only positive roots of the group of the equations with respect to ¢ = 1 in
Theorem 4.1 are

of =1, ob=v5~2236

6 . 43
of = ‘6[ (7 /712 + 9VERTT +

- ~ 1.914,
712 + 9v/5277

and those with respect to g, = 2 in Theorem 4.1 are

20
ay =2, of= \/; ~ 0.894

and

and

6 167
0= Y0 (14 Y1477 + 36V/5277 — — ~ 1.045.
Y1477 + 365277
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We remark that now the second one in the group of equations with respect to g1 = 1 is
equivalent to (3 —1)(28% — 732+ 3 —8) = 0, and the second one in the group of equations
with respect to g, = 2 is equivalent to (8 — 4)(28% — 5% + 283 — 32) = 0. Based on
Theorem 3.1, from direct calculations we have

pM(aD) =3 =22 ~ 0172, p(M(a])) =0, p(M(al)) = */w ~ 0.0842

and
p(M(az)) = 0201, p(M(ay)) =0, p(M(az))~0.146, p(M(ag)) ~ 0.0899.

Therefore, for the HSS iteration method, the optimal parameter is a® = 1 or o* = 2 and
the corresponding optimal convergence factor is p(M(a*)) = 0. On the other hand, from
Theorem 2.1 we can easily obtain

a=+v2 and o(a)=3-2v2~0.172.
Obviously, it holds that p(M(a*)) < o(@).

Remark 4.3. Our proof techniques can be used to handle the case when Ao = 0, which
also occur in applications; see [4] and its references. In such case, we may normalize
A1 = 1, and we always assume that s = k to ensure that A is invertible. In such case, we
can use the analysis of Case 2 and Case 4 in our proof of Theorem 4.1. Note that in this
case, we have

oa—1 (on—qJQ-)oz 2 o
Y(a) = PN dj(a) = {(a2 +qu)(a+ /\1)} for j=1,k.

If ¢1 = q&, then A is unitarily similar to
A1 D @ADLy

with

1 q1 .
A; = , =1,2,...,k.
! [—(h 0] J

So, the analysis reduces to the 2-by-2 case, and Theorem 3.2 applies.

Suppose g1 > g > 0. Then the optimal value a* can be easily determined by checking
whether p1(a) and pg(«) intersect at a point o™ such that

p1(a”) —Y(a”) = dr(a”) —h(a”) > 0.

This happens if and only if ¢1q;, < %(ql + qx). In this case, o = \/q1qk is the optimal
parameter, and

2 _ 2.2
a+a \ vaa+1 (Vaa+ 1) (¢ —a)
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g1

73— 1S the optimal parameter such that o1(a*) = P(a*) > ¢p(a*) and

Otherwise, o* =

lg1 — 1
pM(a")) = ——.
(M(a?)) a+v2q —1
Note that the second case rarely appears in applications and its discussion was not included

in [4]. Also, note that there were some typos in the formula of p(M(a*)) for the first case
in [4].

5 Estimation of Optimal Parameters for n-By-n Matrices
and Numerical Examples

In general, for a nonsymmetric and positive definite system of linear equations (1.1),
the eigenvalues of its coefficient matrix A is evidently contained in the complex domain
D4 = [Amin, Amax| X 2[—4, q], where 7 is the imaginary unit, Apin and Apax are, respectively,
the smallest and the largest eigenvalues of the Hermitian part H, and ¢ is the largest
module of the eigenvalues of the skew-Hermitian part S, of the coefficient matrix A. If a
reduced (simpler and lower-dimensional) matrix Ar whose eigenvalues possess the same
contour as the domain D4 is used to approximate the matrix A, then we may expect
that the main mathematical and numerical properties of the HSS iteration method for the
original linear system with the coefficient matrix A can be roughly preserved by the HSS
iteration method applied to the linear system with the reduced coefficient matrix Ar. A
simple choice of the reduced matrix is given by

_ Amax q
AR - |: —-q Amin :|

with ¢ = [|.S]| or ¢ = p(H~"S)v AminAmax- We can then use Theorem 3.2 and Corollary 3.5
to estimate the optimal parameter o* of the HSS iteration method as follows.

Estimation 5.1. Let A € R™™™ be a positive definite matriz, and H,S € R™™"™ be its
symmetric and skew-symmetric parts, respectively. Let Apin = min{\ | A € A(H)} and
Amax = max{A | A € A\(H)}. Suppose

g=1SI or g=p(H ')\ AminAmax-
Then one can use the positive roots of the equation
(042 +q2)2<a2 _ /\2

max

)(a2 - )‘2 ) = (Oé2 - q2)2(a2 - )\min)\max)Q

min
or

(@® +¢%)* (Mhax — @) (@ = ALin) = (0 = ¢°)*(0” = AminAmax)”
to estimate the optimal parameter o* > 0 satisfying

p(M(a”)) = min{p(M(a)) [ @ > 0}.

Here, M(«) is the iteration matriz of the HSS iteration method, see (2.2).
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We first illustrate our estimates with the following example of a general nonsymmetric
positive definite system of linear equations, see [2].

Consider the two-dimensional convection-diffusion equation
_(umx + uyy) + 5(ux + Uy) = g(a:, y)

on the unit square [0,1] x [0,1], with constant coefficient 6 and subject to Dirichlet-
type boundary conditions. When the five-point centered finite difference discretization is
applied to it, we get the system of linear equations (1.1) with the coefficient matrix

A=T@I+I1&T, (5.1)

where the equidistant step-size h = #H is used in the discretization on both directions and
the natural lexicographic ordering is employed to the unknowns. In addition, ® denotes

the Kronecker product, T is a tridiagonal matrix given by

T = tridiag(—1 — R¢,2,—1 + R,),
and
_

2

is the mesh Reynolds number. We remark that here the first-order derivatives are also
approximated by the centered difference scheme.

R

From Lemma A.1 in [2, Appendix|, we know that

Ymin = Amin = min A (H) =4(1 — cos(rh)),
1<4,k<m
Ymax = Amax = 1§I§1’%}§(m)‘j,k(H) = 4(1 + COS(ﬂ'h))

and

i ; = ; =4 .
. Sr;},irglmlky7k(5)l 0, Srgggmlky7k(5)l Re cos(mh)
Therefore, the optimal parameter & that minimizes the upper bound o(«) of the conver-
gence factor p(M(a)) of the HSS iteration method is given by

a= Vv YminYmax = )\min)\max =4 Sin(ﬂ'h)7

see Theorem 2.1.

In Table 1 we list the experimental optimal parameter o (denoted by exp), the esti-
mated optimal parameter o (denoted by aest) determined by Estimation 5.1, the upper-
bound minimizer &, and the corresponding spectral radii p(M(«)) of the HSS iteration
matrix M(a) for & = tiexp, Qest and &. From this table we see that & always overestimates
p(M(a)) when compared with aes, and that aes; yields quite a good approximation to
Qlexp-

In Table 2 we list the number of iterations (denoted by “IT”) and the elapsed CPU
time in seconds (denoted by “CPU”) of the HSS iteration method when it is applied to
the nonsymmetric positive definite system of linear equations (1.1) with coefficient matrix
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B 10 50 100 500 1000
Qoxp 0.5195 | 2.2129 | 3.5606 | 12.0063 | 17.6346
p(M(aexp)) | 0.7794 | 0.4414 | 0.4635 | 0.6357 | 0.7161
Qest 0.5967 | 2.7084 | 5.1536 | 10.2948 | 15.0075
p(M(aes)) | 0.8055 | 0.4582 | 0.4771 | 0.6374 0.7179
& 0.3802 | 0.3802 | 0.3802 | 0.3802 0.3802
p(M(&)) 0.8312 | 0.8702 | 0.8839 | 0.8999 0.9030
Table 2: IT and CPU when m = 32 and € = 107¢
) 10 50 100 500 1000
Cexp IT 70 38 36 58 79
CPU | 0.7414 | 0.3905 | 0.6986 | 1.1147 | 1.5510
Qest IT 66 44 45 55 72
CPU | 0.6842 | 0.4568 | 0.9238 | 1.0780 | 1.3991

(5.1). From this table we see that the numerical results produced with aes; coincide with
those using aexp, and the match is quite pertinent.

Here and in the next example, we choose the right-hand-side vector f such that the
exact solution of the system of linear equations is (1,1,...,1)” € R™. In addition, all runs
are initiated from the initial vector z(?) = 0, and terminated if the current iteration satisfy

If = A _

If — AzO)2 ~
The experiments are run in MATLAB (version 6.1) with a machine precision 1076. The
machine used is a Pentium-IIT 500 personal computer with 256M memory.

Then, we use the following example of 2-by-2 block system of linear equations to further
confirm the above observations.

Consider the system of linear equations (1.1) with the coefficient matrix

B FE
A= [ —ET 051 ] ’ (52)
where
. I@TH+TH®I 0 2m?2 x2m?
B—[ 0 I®TH+TH®I}€R , (5.3)
- I F 29m2 xm?2
E_{F@)I}GR , (5.4)
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and

Ty = tridiag(—1,2,-1) € R™*™, F =6h - tridiag(—1,1,0) € R™*™, (5.5)

with h = %H the discretization meshsize, see [4].

For this example, we have r = 2m? and s = m?. Hence, the total number of variables
is 7 4+ s = 3m?2.

In Table 3 we list the experimental optimal parameter aeyp, the estimated optimal pa-
rameter gy determined by Estimation 5.1, and the corresponding spectral radii p(M(«))
of the HSS iteration matrix M () for oo = cexp and aegr. Here, considering Theorem 4.1
and the two-by-two block structure of the matrix A in (5.2), we may apply the equations in
Estimation 5.1 to the ¢ which is either the largest or the smallest singular value (denoted,
respectively, by ¢1 or gi) of the matrix E, and also consider the two points & = v/Amin Amax
and a = ,/q1qk, to obtain a more accurate estimate to the optimal iteration parameter
for the HSS iteration method. From this table we can see that aest yields quite a good
approximation to tueyp.

Table 3: « versus p(M(a))

5 10 100
m 16 24 32 16 24 32
exp 0.7457 | 0.5087 | 0.3849 | 1.0340 | 0.6553 | 0.4639
p(M(aexp)) | 0.8291 | 0.8812 | 0.9090 | 0.7700 | 0.8490 | 0.8912
Qest 0.7350 | 0.5013 | 0.3802 | 0.7350 | 0.5013 | 0.3802
p(M(cest)) | 0.8304 | 0.8816 | 0.9091 | 0.8304 | 0.8816 | 0.9091

In Table 4 we list the number of iterations and the elapsed CPU time of the HSS
iteration method when it is applied to the 2 x 2 block system of linear equations (1.1) with
the coefficient matrix (5.2)-(5.5). From this table we can see that the numerical results
produced with aest coincide with those using ey, and the match is quite pertinent.

Table 4: IT and CPU when ¢ = 1076

0 10 100
m 16 24 32 16 24 32
IT 59 90 117 43 70 97
Gexp CPU 0.4416 3.0069 15.2751 0.3531 2.3821 13.3629
IT 60 90 119 60 92 118
Cest CPU 0.4250 3.0139 15.2881 0.4617 3.1193 15.6046
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6 Proof of Remark 3.3

Here we give the proof of Remark 3.3.

The assertion concerning A\; = Ao and the assertion concerning equation (3.3) can be
readily verified. We consider the equation (3.4) and the reduced equation (3.5). Note
that for a > 0, the right side of (3.4) is nonnegative, and the left side is nonnegative on
the interval [\g, A1] only. So, all the positive solutions 3 = o2 of the equation (3.5) lie in
[A3,\2]. Define

_ ()2 _ 22 —(A_ 2 :(ﬁ—q2)2
fB) =M =B)(B=23), q1(B) =(B—X )" g2(6) Grar

9(8) = g1(P)g2(B) and  h(B) = f(5) — 9(B),

for B > 0. Then (3 is a positive solution of (3.5) if and only if 3 is a positive solution of
h(B) = 0.

Obviously, the graph of f(f3) is a concave parabola which intersects the S-axis at 3 = A3
and A\?, while the graph of g;(3) is a convex parabola touching the S-axis at 3 = A \a.
Note that f(3) = g1() has two solutions in the intervals [A\3, A1 \2) and ((A\2 + \2)/2, \?].
The graph of g(3) can be obtained from that of g;(3) by reducing the vertical height of
each point by the factor go(3) € (0,1). Thus, the solution of f(3) = g1(3) nearer to A3
will move further left to a solution of f(3) = g(3); the solution of f(3) = ¢g1(3) nearer to
A? will move further right to a solution of f(3) = g(3).

We claim that k() cannot have more than 2 positive solutions in [\3, A?], equivalently,
(3.5) cannot have more than 2 positive solutions in [A3, A2].

First, we prove the claim if ¢ < A3 or ¢ > A\?. Let p(3) be the polynomial on the left
side of (3.5) divided by 2. Then the product of the roots of (3.5) is the constant term of p(53)
and equals the positive number ¢*A2A3. So, if (3.5) have more than 2 positive roots, then it
must have 4 positive roots, say, 51 < 2 < 3 < 4. Suppose p/(3) has zeros ] < 55 < 3,
p"(B) has zeros 3] < 3, and p”’(53) has zero 4,"'. We have ] < gy < 8, < 84 < % and
By < 31" < BY. Thus,

B < B <

Now, examining the constant terms of the polynomials p’(3)/4 and p”’(3)/24, we see that
318505 = " (A1 + X2)/8 (6.1)
and 31" = (A1 + A2)%/8. If ¢ < A3, then ¢ < 81 < B} < 3, and hence
B13305 > (°)(a)(BY") = ¢" (A1 + A2)?/8,
which contradicts (6.1). Similarly, if ¢ > A2, then ¢ > 84 > 4 > 34 and hence
B10385 < BY'(¢*)(6*) = ¢* (M + X2)?/8,

which again contradicts (6.1). Thus, our claim is proved in these cases.
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Next, we assume that ¢? € [A3, A\?]. Then

(B — a*)*(B = M)
(AT = B)(B = A3)

has two zeros in [A2, A\?], namely, 3 = ¢ and 8 = A\ \a.

If A3 < ¢% < A1)\, then f is increasing on [A2, (A2 +)2)/2] and ¢% < M e < (A2 +)3)/2.
So, f is increasing on [A3, ¢%]. Since g(8) is decreasing on [A3, ¢%], and the function h(3)
have different signs at A3 and ¢?, it follows that h(3) = 0 has a root in [AgA1,¢?]. On
(@®, (AF + 23)/2], we have f(8) > g1(8) = g1(8)g2(). Thus, f(B) = g1(8)g2(8) has no
root in this interval. Finally, on the interval [(A\? + \3)/2, A?], f is decreasing and g(/3) is
increasing, and the function h(3) assume nonzero values with different signs at the end
points. Thus, f(3) = g1(8)g2(3) has a root in (A2 + \2)/2, \?).

Suppose A2 < ¢2 < A2. On [A3, A\ )g], f is increasing and g(3) is decreasing. More-
over, the function h(3) assume nonzero values with different signs at A% and \j)g, it
follows that h(3) = 0 has a root in (A3, A\;A2).

Suppose ¢* < (A] +A3)/2. On (Mg, (A + A3)/2], we have f(8) > g1(8) = g1(5)g2(5)-
Thus, f(8) = g1(8)g2(3) has no root in this interval. On the interval [(A\? + )\3)/2, M},
f is decreasing and g([3) is increasing, and the function A(/3) assume nonzero values with
different signs at the end points. Thus, f(8) = g(8) has a root in (A3 + A\3)/2, \3).

Finally, if ¢2 € [(A\? + A3)/2, M%), then for 3 € (A2, q?) we have

(B —XX)?/(B+q)* € (0,1)

9(B8) =

and hence
F(B8) > (B—1q)* > g(B).

Thus, f(8) = g(83) has no solution in [(A\} + A\3)/2,¢%). Now, on the interval [¢%, \}], f
is decreasing and g¢([3) is increasing, and the function h((3) assume values with different
signs at the end points. Thus, f(3) = g(8) has a root in [¢%, \2].
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